Evanescent field coupling between parallel optical waveguides is treated by the propagating beam method. This method utilizes Fourier analysis to generate the modal properties of optical waveguides from numerical solutions to the paraxial-wave equation. Previous applications have been for single waveguides. Detailed results are presented here for a variety of coupled waveguide pairs: identical slab waveguides, identical and nonidentical singlemode optical fibers, and identical few-mode optical fibers. Results include propagation constants and eigenfunctions for the normal modes of the coupled systems. The difference between the propagation constants of the corresponding normal modes determines the coupling length for the mode pair, whereas the eigenfunctions determine the extent of power transfer. The results obtained establish the applicability of the propagating beam method to the study of coupling in a general class of practical waveguides.
INTRODUCTION
The extension of guided-wave fields beyond confining core regions permits the exchange of energy between closely positioned optical waveguides. This electromagnetic coupling is both the origin of cross talk and the basis of directional waveguide couplers. In either case, the transverse coupling of optical waveguides has elicited wide interest for many years.
The exchange of electromagnetic energy between coupled transmission lines was analyzed first by Miller 1 and subsequently by Cook, 2 Fox, 3 and Louisell. 4 Field propagation in coupled parallel optical fibers was treated using coupled-mode theory by Jones, 5 Van Clooster and Phariseau, 6 ' 7 Marcuse, 8 Snyder, 9 and Arnaud.1 0 Cherin and Murphy," however, studied the cross talk between highly multimoded optical fibers by using a quasi-ray technique. A more rigorous analysis of guided-wave modes in two parallel dielectric rods than is possible with coupled-mode theory was furnished by Wijngaard,' 2 who computed the normal modes in terms of All the preceding methods have advantages and disadvantages. Coupled-mode theory in its most tractable form treats the coupling of only two modes-one mode for each of two parallel waveguides. This form of the theory gives a qualitatively accurate description of power transfer in many situations, but, since it does not properly take into account the deformation of the modes of the individual waveguides, it is applicable only when coupling between fibers is weak.
This objection does not apply to the expansion method employed in Ref. 12 , but for the latter method to be tractable, the expansions must be truncated at terms of reasonably low order with uncertain effects on accuracy. The ray-tracing techniques should provide useful information for multimode structures but would not be applicable to single-or few-mode waveguides.
The propagating beam approach of Ref. 13 gives detailed and accurate results when the method is applicable. One of its limitations is that it is applicable only when the axial distance for the transfer of power between the waveguides is of the order of the propagation distance that can be encompassed in an accurate computation. For fibers of practical interest, this computational distance is typically less than 10 cm. For assessing the cross talk of parallel waveguides, on the other hand, it may be necessary to deal with coupling distances of the order of kilometers. For multimode waveguides, computational results depend sensitively on input conditions and are difficult to interpret without precise knowledge of the modal composition of the fields and the beat distances for the individual modes.
For a description of guided-wave propagation in coupled waveguides that is accurate over all propagation distances of practical interest, it is thus essential to have accurate information on the normal modes, the modes of the combined waveguide system. This information includes both the propagation constants and the eigenfunctions. From the propagation constants one can determine the distances for the transfer of power corresponding to particular combinations of normal modes. From the eigenfunctions one can determine the completeness of this transfer.
The propagating beam method described in Refs. 14-17 was developed for generating precisely this kind of information from numerical solutions to the paraxial-wave equation. It is applicable under weak guidance conditions, or when I Bn/n I << 1, which describes many systems of practical interest, and it combines accuracy, computational efficiency, and versatility. Although the applications that have been described thus far have been restricted to index profiles of circular symmetry, the method is equally applicable to general twodimensional profiles. In fact, for problems involving two transverse dimensions, its advantages over more conventional methods become particularly apparent.
In this paper we outline the procedures for solving coupled waveguide problems with the propagating beam method, and we present numerical results for a variety of systems: coupled identical slab waveguides, coupled identical and nonidentical single-mode fibers, coupled identical three-mode fibers, and coupled identical six-mode fibers. The paper is organized as follows. Basic relations for the propagating beam method are reviewed in Section 2. Some general properties of coupled identical and nonidentical fibers are derived in Sections 3 and 4; conditions for maximal power localization and transfer are derived in Section 5. Initial conditions for the propagating fields are discussed in Section 6. Results for identical coupled slab waveguides are presented in Section 7, and the remainder of the paper is devoted to numerical examples involving coupled optical fibers.
BASIC RELATIONS FOR THE PROPAGATING BEAM METHOD APPLIED TO IDEAL LOSSLESS MEDIA
The propagating beam method of mode analysis is based on solutions of the paraxial-wave equation
where 6' is a complex field amplitude, k = now/c, and no is the refractive index of the cladding. One can also express 6'(x, y, z) in terms of the set of orthonormal-mode eigenfunctions for the fiber as
where the index j is used to distinguish different modes within a degenerate set, the A'n are propagation constants, and the coefficients Aj are determined by the field at z = 0. The eigenfunctions unj(x, y) are also eigenfunctions of the Helmholtz equation, and the corresponding propagation constants On can be determined from the expression
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are the mode weights and
To determine the eigenvalues 3n, it is necessary to solve Eq. (1) with an initial field distribution that avoids the excitation of modes with closely spaced eigenvalues.
The correlation function ? 1 (z) is generated simultaneously with the field '(x, y, z). When the field has been propagated the desired axial distance Z, Pi(z) is multiplied by w(z) and Fourier transformed to give P 1 (fl). Equation (7) can then be fitted to the data set for PI 1 (3) , which determines the 3', and Wn values. When high accuracy is required for the weight factors Wn, it may be necessary to use a mutivariate nonlinear least-squares fit, but for determining the propagation constants it can be assumed in nearly all cases that, in the neighborhood of an individual resonance, Pj(o) is accurately represented by
whence 3'n and Wn can be determined by a simple linear fitting procedure.'5 The single-resonance fit was used for all the numerical examples discussed in this paper.
If the exciting field has been chosen so that not more than one mode of a degenerate set is excited, the mode eigenfunc- (11) which requires a prior determination of the 3',, values and an additional propagation calculation.
EVEN-AND ODD-PARITY MODES FOR A PAIR OF IDENTICAL OPTICAL FIBERS
The geometric configuration for two identical optical fibers is shown in Fig. 1 . A reflection through the plane x = 0, which y (5) 0<z •Z z > Z (6) and taking the Fourier transform with respect to z gives , y') , where x' =-x and y' = y, clearly leaves wave Eq. (1) invariant. As is well known, the mode eigenfunctions unj (x, y) for this system must have the property JUn; (X, y) = Unj (-Xy) = ±Unj (X y), (12) where the unitary operator ? transforms unj(x, y) in accordance with a reflection about the y axis. The two engenvalues ± 1 represent the parity (under reflection) of the modes, and we label the corresponding eigenfunctions utj(x, y) and unj(x, Y).
If the two fibers are far apart, the corresponding even-and odd-parity modes are degenerate, with the common propagation constant nj = ftfn = Onj, (13) where /' is the propagation constant for a single isolated fiber. If the fibers are brought close together, the degeneracy is removed, and ,B' t t and /',j take on distinct values. It should be noted that, even though the / 3 p are degenerate with respect to the index j, this degeneracy will also be removed as the fibers are brought together, and f3X will take on distinct values for the same n but differing j.
The linear combinations
Uinj(X, y) = unj(X, y) + Unj(X, y),
leave most of the energy on one or the other fiber, which are arbitrarily labeled A and B. The evolution with respect to axial distance z of uAj(x, y) and uB.(x, y) is described by
where
Thus the intensity distribution for either linear combination varies periodically in such a way that almost all the power shifts back and forth from one fiber to the other with the period L = 27r/AIOt. The propagation constants 0 +j and 0'j can be expressed as Onj f u'Hu:-dxdy (17) where, in analogy with quantum mechanics, we have defined the Hamiltonian operator H as
Equation (17) can be used to estimate the values of I3+5and 0'j if u+a and u-j are approximated by linear combinations of mode eigenfunctions for an isolated fiber, i.e.,
Here the superscript zero designates an eigenfunction of an isolated fiber. Substitution of Eq. (19) into Eq. (17) yields
where for simplicity the subscripts of the eigenfunctions have been omitted and
Here the subscripts A and B designate profiles centered at the appropriate fiber positions. With the neglect of (uA*VBUA), (uB* VAUB), ( u A*u , and e uB*uA ,Eq. (21) reduces to the coupled-mode result 1 8 fl
where the coupling constant c is defined by
The necessity for neglecting certain integrals in order to derive the coupled-mode result is evidence that coupled-mode theory is valid only for modes that are weakly coupled. We shall not have occasion to apply Eq. (21) directly, but it will serve as a guide to which modes couple strongly.
PROPERTIES OF MODES FOR A PAIR OF NONIDENTICAL OPTICAL FIBERS
When the two fibers are not identical, the normal-mode eigenfunctions are no longer eigenfunctions of the unitary reflection operator ? and thus cannot display simple even or odd parity. They may, however, display a kind of quasi-parity in which they resemble distorted versions of even-and oddparity eigenfunctions if the fibers are close together but degenerate into functions localized on either one or the other fiber when the fibers are far apart.
To show this quasi-parity we express the normal-mode eigenfunctions in the form Unj(X, y) = Uj(X, y) + yUBJ-(X, y), (25) where the constant Ty is determined by invoking the stationarity condition
By applying Eq. (26) in conjunction with Eqs. (20a) and (20b) and neglecting (uA*VBUA), (UB*VAUB), (uA*UB), and
one obtains the following two values for -y: 
[Phases can always be selected so that the phase of Eq. (28) vanishes.] In the limit as (O'ni -g"B)/2c becomes small, or when the fibers approach one another, -y approaches i1, and Eq. (25) displays even or odd parity. In the limit as (P3A -6')/2c becomes large, or as the distance between fibers increases, y+ and y approach c/(ffnAj -P') and -(f3n-nj)/c, respectively. In other words, as the field evolves with axial distance, the power continues to be associated primarily with one fiber, with little power transferring to the other fiber. This contrasts with the behavior of identical fibers, which 
CONDITIONS FOR MAXIMAL POWER LOCALIZATION AND TRANSFER
We wish to determine the linear combination of normal modes u(x,y) = u+(x,y) + Gu-(x,y) (30) that (1) maximizes the power in one or the other fiber and (2) maximizes the fractional power transfer from one fiber to the other. Here u+(x, y) and u-(x, y) are normalized eigenfunctions for associated normal modes of coupled fibers, which may or may not be identical. For simplicity we have ignored subscripts.
To maximize the power in fiber B, we choose G to maximize the integral 1 rf
where the superscript + on the angle brackets denotes integration over the right half-plane and u+(x, y) and u-(x, y) 
The fraction of power associated with fiber B after the field has propagated a distance z can be written as
The variation of PB over the distance 7r/A/3F and, consequently, the fractional power transfer from fiber B to fiber A is APB =4 G2
which is maximized when G = 1. In that case
The field 
CHOOSING INITIAL CONDITIONS FOR EXCITING SPECIFIC MODE SETS
Since corresponding even-and odd-parity modes for pairs of identical waveguides are almost degenerate, it may be necessary to generate the even-and odd-parity modes independently to avoid the overlap of resonances in the spectrum Ti(O). For identical multimode slab waveguides, the complete spectra for all bound even-and odd-parity modes can be generated in a pair of computer runs, with the initial con- If we consider, for example, two identical optical fibers with parabolic-index profiles,
where r is measured from the appropriate local fiber center, 
where Hm(x) and Hn(y) are Hermite polynomials and 
The latter functions are fibers is even less amenable to generalization. Since the normal modes for this case are neither of purely even nor odd parity, it will be impossible to avoid exciting simultaneously the modes corresponding to u+(x, y) and u-(x, y). If the fibers are sufficiently close, the separation of the propagation constants is large, and there is no problem in resolving the mode resonances. If the fibers are far apart, the input field can be taken as a mode eigenfunction for one or the other fiber, appropriately centered.
COUPLING OF IDENTICAL SLAB WAVEGUIDES
We consider the coupling of two identical slab waveguides with refractive-index profiles If one is treating coupled identical highly multimoded fibers,, some of the unperturbed higher-order modes of the isolated fibers will necessarily be highly degenerate, making the task of identifying and classifying the normal modes difficult and complex.
The selection of initial conditions for coupled nonidentical where a = 1.85, a = 31.25 Am, A = 7.873 X 10-, and no = 1.5. C
with a = 10.24 pm. If Eq. (46) is the input to a single waveguide, it will excite both even-and odd-parity (single waveguide) modes. Thus Eq. (46) in conjunction with Eq. (24) will allow the excitation of all normal modes in a pair of propagation runs.
The spectrum IP 1 (Q) I for a single isolated waveguide is plotted versus -fl in Fig. 2(a) . The spectra for the even-and odd-parity normal modes for two identical coupled waveguides are superposed in Fig. 2(b) . The assumed separation is d = 62 Am, corresponding to the waveguide cores in contact with each other. A total of 18 bound modes for the single waveguide is evident in Fig. 2(a) . The corresponding evenand odd-parity normal modes can be identified in Fig. 2(b except those for the three lowest-order modes, are found to be surprisingly insensitive to propagation distance, which leads to confidence in their values. The sensitivity to propagation distance of the propagation constants of the evenparity normal modes is exhibited in Table 2 . The implied uncertainty in the propagation constants ranges from 10-4 cm-1 to 10-6 cm-'. The fact that the splitting values may exhibit less sensitivity to distance than the propagation constants from which they are derived results from the cancellation of systematic errors.
The splitting Ad' is plotted as a function of propagation constant for a single isolated waveguide in Fig. 3 Table 3 for three values of the separation d.
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For the two cases of finite separation, the coupling between fibers is clearly strong. Figure 6 shows the even-and oddparity normal-mode eigenfunctions and their sum and dif- 10-. For the latter fiber in isolation, 3' =19.095 cm-1. The propagation constants for three separations are given in Table  4 . It was not possible to excite separately the normal modes corresponding to u+(x, y) and u-(x, y) with an initial condition of the form of Eq. (39). However, the splitting AO' was sufficiently large that both resonances could be resolved with ease. Table 4 ). The field configurations in Figs can be designated by indices m and n and by parity +. The eigenfunctions can in turn be written as um'n(x, y). The propagation constants 3% n as functions of fiber separation d appear in Table 5 for all bound normal modes. Figure 11 contains plots of the eigenfunctions ut,(x, y), ur 0 (x, y u-j(x, y), and u-h(x, y), which resemble symmetric and antisymmetric combinations of distorted versions of functions from the set of Eq. (42).
In Table 5 it will be observed that the splitting 40-0' is always less than the splitting 114-i3%. This is easily understood from Fig. 11 and Eq. (21): the functions ut,(x, y) and u -(x, y) clearly exhibit less overlap than the functions utoa(x, y) and uj-j(x, y).
COUPLING OF IDENTICAL SIX-MODE FIBERS
Here the parabolic profile of Eq. (41) was characterized by a = 8.5 ptm and A = 3.586587 X 10-3, which permits six bound modes for an isolated fiber. The modes of the combined system can be labeled according to the scheme used for the modes and n = 0 in Eq. (45), is shown in Fig. (12) . The unexpected weak-satellite resonance corresponds to ut 2 
(x, y).
It is excited because uO2(x, y) has the same symmetry as ulo(X, y). This accidental excitation of normal modes that do not correspond to the exciting set can be expected to occur more frequently as the number of bound modes of the coupled fibers increases, and it tends to complicate the analysis and identification of normal modes.
The propagation constants for the separations d = and d = 17 Am are given in Table 6 for all bound normal modes, and the normal-mode eigenfunctions u% (x, y) and ujj (x, y) are shown in Fig. 13 . From Table 6 it may be noted that for d = -the mode with indices (m, n) = (1, 1) does not belong to the degenerate set that includes modes (2, 0) and (0, 2), although all three modes would be degenerate for an infinite focusing medium or a highly multimode parabolic profile. The partial removal of degeneracy is due to the truncation of the parabolic profile. The degeneracy of the modes (2, 0) and (0, 2) is unaffected because of their symmetry. It will also be noted from Table 6 that the splitting AP: is greater for those odte pairs whose basic orientation is in the x direction rather than in the y direction.
CONCLUSION
We have used the propagating beam method to determine the normal-mode properties of a variety of coupled waveguides of practical interest. The method is straightforward to apply, and it allows a complete characterization of such systems within the framework of the weak-guidance approximation. These results demonstrate the wide applicability of the propagating beam method to coupling problems in general and to the analysis of general waveguiding structures with two transverse dimensions.
